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Abstract
The conjectures of Alday, Gaiotto and Tachikawa [3] and its gen-
eralizations have been mathematically formulated as the existence of
an action of a W -algebra on the cohomology or K-theory of the in-
stanton moduli space, together with a Whitakker vector [7, 19, 29].
However, the original conjectures also predict intertwining properties
with the natural higher rank version of the “Ext1 operator” which was
previously studied by Okounkov and the author in [10], a result which
is now sometimes referred to as AGT in rank one [2, 27]. Physically,
this corresponds to incorporating matter in the Nekrasov partition
functions, an obviously important feature in the physical theory. It
is therefore of interest to study how the Ext1 operator relates to the
aforementioned structures on cohomology in higher rank, and if pos-
sible to find a formulation from which the AGT conjectures follow as
a corollary. In this paper, we carry out something analogous using a
modified Segal-Sugawara construction for the sˆl2C structure that ap-
pears in Okounkov and Nekrasov’s proof of Nekrasov’s conjecture [25]
for rank two. This immediately implies the AGT identities when the
central charge is one, a case which is of particular interest for string
theorists, and because of the natural appearance of the Seiberg-Witten
curve in this setup, see for instance Dijkgraaf and Vafa [11], as well as
[16].
1 Introduction
In [3], Alday, Gaiotto and Tachikawa proposed a collection of identities of
explicit power series under a change of variables, each one associated a Rie-
mann surface Σ of genus g “ 0, 1, and a list of N marked points. On one side
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of the equation are certain functions due to Nekrasov from four-dimensional
supersymmetric gauge theory, which are defined as generating functions of
equivariant localization integrals over a smooth noncompact complex alge-
braic varietyMr,n called the instanton moduli space, with respect to a certain
torus action defined below. Here r, n are nonnegative integers called the rank
and instanton number, or the rank and second Chern class in the description
of Mr,n as a moduli space of framed sheaves on CP
2. See [23] for a thor-
ough introduction to this variety from several different descriptions. On the
other side are correlation functions from Liouville theory, defined in terms of
certain intertwiners of lowest weight representations of the Virasoro algebra
[30]. One of the variables in these identities is the central charge c of these
representations on the Liouville side, which is related to the torus parameters
on the Nekrasov side, as in (20).
In an analogous way to the Hilbert-Chow map, the space Mr,n is a res-
olution of a singular space M0r,n which contains the moduli space of cer-
tain energy minimizing solutions to the four-dimensional Yang-Mills equa-
tion (instantons) modulo gauge symmetry, see [4, 12, 23]. These solutions
are important in gauge theory because lowest energy solutions are expected
to dominate the contributions to certain path integrals. In supersymmet-
ric gauge theory, this approximation is sometimes exact, through a princi-
ple called supersymmetric localization, see [14] for a general introduction.
Nekrasov’s functions provide a mathematically rigorous definition of such
integrals [24]. A precise mathematical conjecture supporting this statement
due to Nekrasov relates certain limits of these quantities to the Seiberg-
Witten free energy, and was proved by Okounkov and Nekrasov in [25]. See
Okounkov’s ICM notes [26] for an exposition.
To physicists, the AGT relations reflect the existence of a six dimensional
superconformal quantum field theory on
X “ R4 ˆ Σ,
predicted by the classification of superconformal field theories. It is expected
that one can then recover the gauge theory partition function by letting Σ
shrink away through a process called compactification, or dimensional re-
duction, see [31] as well as [28] for an introduction to the AGT conjectures.
Mathematically, one would like to extend the AGT relations to more concep-
tual statements, which ideally would have implications to the physics. One
direction that has been carried out by several authors [7, 19, 29] in much
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greater generality for the case of pure (massless) gauge theory, is to identify
the cohomology of Mr,n with a Hilbert space, and construct the relevant con-
formal symmetry representations, in a similar manner to Nakajima’s earlier
work [22]. In the case of AGT in rank two, these structures include an action
of the Virasoro algebra on cohomology.
A more general version of the conjectures would have to incorporate the
presence of matter, as is done in the original paper of AGT. Mathematically,
this may be encoded in the Ext1 operatorW studied earlier by Okounkov and
the author in the case of the Hilbert scheme of points on a general surface
[10]. The main result of that paper identifies W with a “vertex operator”
in terms of Nakajima’s famous Heisenberg operators, which completely cal-
culates the Nekrasov functions in rank one. This result was used in [2], to
search for a basis of a Hilbert space on the Liouville side, which realizes the
Ext1 operator in the fixed point basis in rank two. An obviously desirable and
more direct approach would be to formulate the cohomological structures of
the last paragraph in a way that produces the intertwining properties with
the Ext1 operator predicted by AGT. Ideally, the original conjectures would
then follow as a corollary.
In theorem 1, we do something similar in the setup of Nekrasov and Ok-
ounkov’s proof of Nekrasov’s conjecture [25]. In that paper, the authors used
a representation of the affine special linear group sˆlrC to study the “dual
partition function,” which is a sort of generating function of the original par-
tition functions. The main idea of this paper is to apply the Segal-Sugawara
construction to the sˆlrC action for r “ 2, and then to locate an extension
of it that intertwines the transformed Ext1 operator in the desired way. The
correct choice of action turns out not to be the most obvious candidate, as
seen in proposition 1 below. This is a fortunate occurence because the usual
Segal-Sugawara construction would lead to non-irreducible representations
of the Virasoro algebra, and would derail the argument.
In corollary 1, we show that this implies the AGT relations in the special
case where the central charge is set to one, and Σ is a genus one Riemann
surface with an arbitrary number of points removed. Specializing the central
charge is simpler than the general “refined” case, but is of particular interest
to string theorists. See for instance [11], which predicts a proof of AGT using
matrix models for this case, as well as [16]. Along the lines of [11], the case
of c “ 1 and Σ “ CP1 with four points removed was studied by Morozov,
Morozov and Shakirov [20] using the Dotsenko-Fateev matrix model and
Selberg integrals as the starting point on the Liouville side. The context
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of the dual-partition function is also particularly interesting because of the
natural appearance of the Seiberg-Witten curve.
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2 The AGT relations
2.1 Nekrasov functions
We now recall some mathematical background to define the Nekrasov func-
tions. The definition of the moduli space of framed torsion free sheaves on
Mr,n can be found in Nakajima’s book [23] as well as [15]. For an introduc-
tion to Nekrasov’s functions and their mathematical and physical meaning,
see [24, 26].
Let tpx0 : x1 : x2qu coordinatize the complex projective plane P
2 “ CP2,
and let P18 Ă P
2 be the line at infinity defined by x0 “ 0. The moduli space
of framed torsion free sheaves is given set-theoretically by
Mr,n “ tpF,Φq : rkpF q “ r, c2pF q “ nu (1)
where F is a torsion free sheaf on P2 which is locally free in a neighborhood
of P18, and Φ is a choice of isomorphism
Φ : F
ˇˇ
P18
„
ÝÑ Or
P18
called a framing at infinity. This is a smooth noncompact complex algebraic
variety of complex dimension 2rn, also known as the instanton moduli space.
When r “ 1, this space is isomorphic to the Hilbert scheme of points in
the complex plane, which as a set parametrizes certain ideals in the ring
R “ Crx, ys,
M1,n – HilbnC
2 “ tI Ă R : dimCR{I “ nu . (2)
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The map is determined by restricting the sheaf to C2 “ P2 ´ P18, and using
the framing Φ to obtain the inclusion map to R.
There is a standard torus action on this space
G “ T 2 ˆ T r ü Mr,n,
defined as follows: the action of T 2 is the induced one from
T 2 “ C˚ ˆ C˚ ü P2, pz1, z2q ¨ px0 : x1 : x2q “ px0 : z
´1
1
x1 : z
´1
2
x2q, (3)
by pullback of sheaves. The action of T r is by rotating the framing, i.e.
w ¨ Φ “ diagpwq ¨ Φ, w “ pw1, ..., wrq P T
r,
which commutes with the T 2 action.
The fixed points of this action are well known to be isolated, and to
correspond to r-tuples of partitions µ “ pµp1q, ..., µprqq with
|µ| “
ÿ
i
|µpiq| “ n.
Under the isomorphism (2) for r “ 1, they correspond to the ideals Iµ gener-
ated by all monomials xiyj such that pi, jq is not a box in the Young diagram
of µ, i.e. j ě µi. In higher rank r ą 1, the sheaf and framing pFµ, ϕµq
associated to such a diagram may be determined by the restriction to the
plane
Fµ
ˇˇ
C2
– Fµ :“ Iµp1q ‘ ¨ ¨ ¨ ‘ Iµprq ãÑ R
r
together with the inclusion map on the right.
There is a bundle E of rank rpn1 ` n2q on Mr,n1 ˆMr,n2 whose fiber over
a point described by a pair of sheaves pF,Gq is given by
E
ˇˇ
F,G
“ Ext1
P2
pF,Gp´P18qq, (4)
The restriction of this bundle to the diagonal when n1 “ n2 is well-known
to be the tangent bundle. In [10], the K-theory class of the rank one case
of this bundle was defined for the Hilbert scheme of points on a general
smooth quasi-projective surface. Its Euler class was proved to define an
explicit vertex operator in terms of Nakajima’s Heisenberg operators, and
was further generalized to K-theory in [9]. We have an action
G “ T 2 ˆ T r ˆ T r ü Mr,n0 ˆMr,n1 (5)
5
where T 2 acts diagonally, and the second and third tori act on the framings
on the first and second components. This action lifts naturally to E using
the description (4), making E an equivariant bundle.
Now define the torus characters of the fibers of this bundle
Eµ,νpz1, z2,w, vq :“ chEFµ,Fν P Zrz
˘1
i , w
˘1
i , v
˘1
i s
where w, v are elements of the first and second r-dimensional torus in (5)
respectively. The answer can be expressed in terms of the answer for r “ 1
by
Eµ,νpz1, z2,w, vq “
ÿ
i,j
w´1i vjEµpiq,νpjqpz1, z2q
The rank one case may be calculated by restricting the sheaves to the open
subset C2 Ă P2,
Eµ,νpz1, z2q “ χRpR,Rq ´ χRpIµ, Iνq,
χRpF,Gq “
2ÿ
i“0
p´1qi chExtiRpF,Gq P Zppz1, z2qq (6)
Now by the additivity of the equivariant Euler characteristic on exact se-
quences, equation (6) may be calculated in any resolution of the modules
F,G. We then deduce the explicit formula
χRpIµ, Iνq “M ch Iµ ch Iν (7)
where
M “ p1´ z1qp1´ z2q, ch Iµ “M
´1 ´Qµ, Qµ “
ÿ
pi,jqPµ
zi1z
j
2
so that ch Iµ is simply the torus character of Iµ as a vector space, which lives
in Zppz1, z2qq. The conjugation of one of these power series is determined by
simply replacing zi “ z
´1
i in its expression as a rational function in z1, z2.
For instance, if µ, ν “ r1, 1s, r2, 1s, we would find that
ch Iµ “M
´1 ´ 1´ z2, ch Iν “M
´1 ´ 1´ z1 ´ z2,
χRpIµ, Iνq “
`
1´ p1´ z´1
1
qp1´ z´1
2
qp1` z´1
2
q
˘
ˆ`
p1´ z1q
´1p1´ z2q
´1 ´ 1´ z1 ´ z2
˘
,
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Eµ,νpz1, z2q “ 1` z
´1
1
z2 ` z1z
´2
2
` z´1
1
` z´1
2
. (8)
With some work, we can find the explicit combinatorial expression
Eµ,νpz1, z2q “
ÿ
sPµ
z
´aµpsq´1
1
z
lνpsq
2
`
ÿ
sPν
z
aν psq
1
z
´lµpsq´1
2
, (9)
where aµpsq, lµpsq are the arm and leg lengths of the box s in the Young
diagram of µ respectively. In the above expression, these lengths may take
negative values if s is not inside µ. We may easily verify that this expression
matches with example (8). See [10] for details.
We now recall the localization formula. Suppose some variables xi are
indentified as xi “ exppsiq, thinking of the xi as elements of a complex torus
C˚, and si as elements of its Lie algebra. We define
e pχq “
ź
i
˜ÿ
j
aijsi
¸ki
, χ “
ÿ
i
ki
ź
j
x
aij
j (10)
which is the same as the equivariant Euler characteristic of a representation
with character χ, viewed as an equivariant bundle over a point. For the rest
of the paper, we identify the following sets of variables:
zα “ e
tα , wα “ e
aα , vα “ e
bα, uα “ e
mα
for any subscript α, which might in fact be a pair of indices, i.e. wα “ wij
as we have below. For instance, we would have
e
`
z1u
´1
1
´ 2w12u2
˘
“
t1 ´m1
pa12 `m2q2
.
Let us also set
em pχq “ epe
mχq “
ź
i
˜
m`
ÿ
j
aijti
¸ki
.
The equivariant localization formula for a smooth, projective torus equiv-
ariant variety T d ü X with isolated fixed points, and a cohomology class
γ P HT pXq, states that ż
X
γ “
ÿ
pPXT
i˚pγ
epTpXq
(11)
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where ip is the inclusion of the fixed point p, and the integral denotes the
proper pushforward map to a point, see [1, 13]. If zi “ e
ti P T d are the torus
variables, then this expression is written as an element of Cpt1, ..., tdq, but
in fact it must reside in Crt1, ..., tds, the equivariant cohomology of a point,
implying some cancelation. If X is not compact, then (11) may be taken as
a definition, extending integration to a functional satisfyingż
X
γ “
ż
Y
π˚pγq, γ : X Ñ Y
for proper maps π. For some cohomology classes γ in a suitable completion
of the cohomology ring HT pXq, this definition can be shown to coincide with
the usual integration of differential forms vanishing rapidly at infinity even
for some noncompact manifolds X .
Now fix a positive integer N , and for any letter x, let x˜ “ px1, ..., xN q
denote an N -tuple of indexed variables. For a bold letter denoting an r-
tuple symbols such as a above, let
a˜ “ pa1, ...,aNq , ai “ pai1, ..., airq
For partitions we will use the superscript, since the subscript is reserved:
µ˜ “
 
µp1q, ...,µpNq
(
, µpiq “ pµpi1q, ..., µpirqq
The Nekrasov functions are defined by
Zpt1, t2, a˜, m˜, q˜q “
ÿ
n1,...,nN
qn1`¨¨¨`nN
ż
Mr,n1ˆ¨¨¨ˆMr,nN
Nź
i“1
π˚i,i`1pEq “
ÿ
µ˜
Nź
i“1
q
|µpiq|
i
wµpiq,µpi`1qpt1, t2,ai,ai`1, miq
wµpiq,µpiqpt1, t2,ai,ai, 0q
, (12)
where πi,j is the projection onto the ith and jth factor,
wµ,νpt1, t2,ai,aj , mq “ em pEµ,νpz1, z2,wi,wjqq ,
and we identify N ` 1 with 1. The sum is over all N -tuples of r-tuples of
partitions, not just those of a fixed norm. For N “ 1, this is the “instanton
part” of the partition functions originally written down by Nekrasov in [24]
in the form of contour integrals. For a mathematical introduction to the
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meaning of these integrals, we refer the reader to Okounkov’s ICM notes
[26].
For example, for r “ 2, N “ 1 we would have
Zpt1, t2, pa,´aq, m, qq “
1`
ˆ
pm´ 2aqpm´ t2qpm´ t1qpm` 2a ´ t1 ´ t2q
2at1t2pt1 ` t2 ´ 2aq
´
pm` 2aqpm´ t2qpm´ t1qpm´ 2a ´ t1 ´ t2q
2at1t2pt1 ` t2 ` 2aq
˙
q `Opq2q (13)
up to first order in q.
2.2 Conformal Blocks
The second side of the AGT relations are formed by the conformal blocks of
the Virasoro algebra. See [21] for many useful calculations in the context of
AGT.
Recall the commutation relations for the Virasoro algebra given by
rLm, Lns “ pm´ nqLm`n ` δm,n
m3 ´m
12
K, (14)
where K is central. Let Mh “ Mh,c denote the Verma module of the Vira-
soro algebra of level h and central charge c, so that the Cartan subalgebra
generated by L0, K acts on its lowest weight (vaccuum) vector vH by
XvH “ Λh,cpXqvH, Λh,cpL0q “ h, Λh,cpKq “ c,
whereas positive generators Lk for k ą 0 annihilate it. There is a basis of
Mh indexed by partitions given by
vµ “ L´µvH, L´µ “ L´µ1 ¨ ¨ ¨L´µl .
We will also write vµ,h if we want to stress that vµ,h is an element of Mh.
There an inner product on Mh called the Shapovalov form defined by
pvH, vHqh “ 1, pL´nvµ, vνqh “ pvµ, Lnvνqh.
We denote its matrix elements by
Kµ,νphq “ pvµ, vνqh
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For instance, the entries Kµ,νphq for µ, ν P tr2s, r1, 1su are given byˆ
4h` c{2 6h
6h 8h2 ` 4h
˙
.
There is an intertwining operator called the Liouville vertex operator
Vhk2,k1pxq : Mk1 ÑMk2
satisfying `
Vhk2,k1pxqvH,k1, vH,k2
˘
k2
“ xk2´h´k1, (15)
rLn,V
h
k2,k1
pxqs “
`
hpn` 1qxn ` xn`1Bx
˘
Vhk2,k1pxq. (16)
We will find it more convenient to use the normalization
V hk2,k1pxq “ x
k1`h´k2Vhk2,k1pxq,
so that the vaccuum matrix element is one. Strictly speaking, this operator
is only defined as a field, i.e. a formal power series
Vhk2,k1pxq P HompMk1 ,Mk2qrrx
˘1ss,
with the property that each matrix element is a formal Laurent series, see
[5]. However, the full Liouville vertex operator may be defined to act on
a larger Hilbert space of functions on a noncompact space, see [30] for an
introduction.
We set
Sµ,νpk1, h, k2q “ Sk1,h,k2pvµ, vνq “
`
Vhk2,k1pxqvµ,k1 , vν,k2
˘
k2
ˇˇˇ
x“1
.
For instance, we have
Sr1s,r1spk1, h, k2q “ Sk1,h,k2pL´1vH, L´1vHq “
Sk1,h,k2pvH, L1L´1vHq ` pk1 ` h´ k2 ´ 1qSpvH, L´1vHq “
2k2 ` pk1 ` h´ k2 ´ 1qpk2 ` h ´ k1q. (17)
More complicated terms will of course involve the central charge c.
Let d “ L0 ´ h so that dvµ “ |µ|vµ. Let
Bpc, h˜, k˜, q˜q “ Tr qdV hNk1,kN pxNq ¨ ¨ ¨V
h2
k3,k2
px2qV
h1
k2,k1
px1q “ÿ
µ˜,ν˜
q
|µp1q|
1
¨ ¨ ¨ q
|µpNq|
N
Sν1,µ2pk1, h1, k2q ¨ ¨ ¨SνN ,µ1pkN , hN , k1q
Kµ1,ν1pk1q ¨ ¨ ¨KµN ,νN pkNq
where
q “ x1 “ q1 ¨ ¨ ¨ qN , xix
´1
i`1 “ qi`1 (18)
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2.3 The AGT conjecture
The AGT relations for a genus 1 Riemann surface with N punctures state
that
Conjecture 1. (AGT [3]) Let ai “ pai,´aiq for 1 ď i ď N . Then we have
that
Zpt1, t2, a˜, m˜, q˜q “ Z
1pt1, t2, m˜, q˜qBpc, k˜, h˜, q˜q (19)
under the substitution
c “ 1` 6
pt1 ` t2q
2
t1t2
, ki “
pt1 ` t2q
2 ´ 4a2i
4t1t2
,
hi “ ∆mi,mi, ∆m,n “
mpt1 ` t2 ´ nq
t1t2
, (20)
and
Z 1pt1, t2, m˜, q˜q “ pq; qq
2∆m1,m1`¨¨¨`2∆mN,mN´1
8 ˆź
iăj
pxix
´1
j ; qq
2∆mi,mj
8 px
´1
i xjq; qq
2∆mj,mi
8
where the xi are determined by (18), and px; qq8 “
ś
iě0p1´ xq
iq.
For instance, for N “ 1 we would have
Z 1pt1, t2, m, qq “ pq; qq
2∆m,m´1
8 “ 1`
ˆ
1´
2mpt1 ` t2 ´mq
t1t2
˙
q ` ¨ ¨ ¨
and
Bpc, k, hq “ 1` Sr1s,r1spk, h, kqK
´1
r1s,r1spkqq ` ¨ ¨ ¨ “
1`
h2 ´ h` 2k
2k
q ` ¨ ¨ ¨
using our example (17) at k1, k2 “ k. Using (13), we can check that
Zpt1, t2, pa,´aq, m, qq “ Z
1pt1, t2, m, qqBpc, k, h, qq
to first order in q, after the substitution
k “
pt1 ` t2q
2 ´ 4a
t1t2
, h “
mpt1 ` t2 ´mq
t1t2
.
The central charge c does not appear until higher order.
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3 Vertex operators
3.1 The infinite wedge representation
Let Λ “ Λ8{2 denote the infinite wedge representation, which we will now
briefly summarize and refer to [6, 17] for details. It has a basis labeled by
partitions which we write as
vµ “ vµ1 ^ vµ2´1 ^ vµ3´2 ^ ¨ ¨ ¨
The possible sequences
pi1, i2, i3, ...q “ pµ1, µ2 ´ 1, µ3 ´ 2, ...q
that can appear are precisely the strictly decreasing sequences of integers
such that the number of entries with ik ą 0 equals the number of ik ď 0.
This space can be thought of as the 8{2 exterior power of the vector space
C ¨ Z with basis vi indexed by the integers. The wedge product of sums of
basis vectors vi should be distributed and sorted with signs in the usual way.
For instance,
v2 ^ pv1 ` v4q ^ v´2 ^ ¨ ¨ ¨ “
pv2 ^ v1 ^ v´2 ^ ¨ ¨ ¨ q ´ pv4 ^ v2 ^ v´2 ^ ¨ ¨ ¨ q “ vr2,2s ´ vr4,3s.
There is an action of the Lie algebra of the infinite-dimensional general
linear group glpC ¨ Zq defined by
ρ1pEijq ¨ vi1 ^ vi2 ^ ¨ ¨ ¨ “ÿ
k
vi1 ^ ¨ ¨ ¨ ^ vik´1 ^ Eijvik ^ vik`1 ^ ¨ ¨ ¨
where
Eijvk “
#
vi j “ k
0 otherwise
This extends to a projective representation defined by
ρpEijq “
#
ρ1pEijq if i ‰ j or i “ j ą 0
ρ1pEijq ´ Id if i “ j ď 0
(21)
which has the commutation relations
rρpEijq, ρpEklqs “ ρprEij, Eklsq ` ǫijklId,
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ǫijkl “
$’&
’%
1 i “ l ď 0 and j “ k ě 1
´1 i “ l ě 1 and j ´ k ě 0
0 otherwise
(22)
The projective representation extends to some infinite sums of the ele-
mentary matrices Eij which are useful for defining the action of Kac¸-Moody
algebras on Λ. For instance, the element
d “
ÿ
iPZ
iρ pEiiq
becomes a finite sum when applied to any vector, and is determined by
d ¨ vµ “ |µ|vµ.
We also define the action of the infinite-dimensional Heisenberg Lie algebra
αn “
ÿ
iPZ
ρ pEi,i`nq
satisfying
rαm, αns “ mδm,nId. (23)
There is an isomorphism from the polynomial algebra
Crα´1, α´2, ...s – Λ,
given by simply applying the polynomial on the left to the vacuum vH, so
the image of the monomials would be
αλ “ α´λ1 ¨ ¨ ¨α´λl ¨ vH
for a Young diagram λ of length l. To determine the inverse map amounts
to finding coefficients in the expansion
vµ “
ÿ
λ
cλ,µαλ.
It turns out that the cλ,µ are precisesly the coefficients of the expansion of
the Schur polynomial sµ in the power sum basis pλ [18].
Now for each m, we have the following well-known vertex operator,
Γpmqpxq “ Γm´pxqΓ
´m
` px
´1q P End pΛq rrx˘1ss, (24)
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where
Γm˘pxq “ exp
˜
m
ÿ
ką0
xkα˘k
k
¸
.
We will also use the odd and even parts, given by
Γpmqs pxq “ Γ
m
s,´pxqΓ
´m
s,` px
´1q
where s “ e, o, and
Γe,˘pxq “ exp
˜
m
ÿ
ką0,even
xkα˘k
k
¸
, Γo,˘pxq “ exp
˜
m
ÿ
ką0,odd
xkα˘k
k
¸
so that Γpmqpxq “ Γ
pmq
e pxqΓ
pmq
o pxq. We will also write
γΓpmqpxqγ´1 “ Γpmqe pxq b Γ
pmq
o pxq (25)
where
γ : ΛÑ Crα´1, α´2, ...s –
Crα´2, α´4, ...s b Crα´1, α´3, ...s “: Λe b Λo.
By exponentiating the commutation relations (23), we can determine that
Γms,`pxqΓ
n
s,´pyq “ Ωspx, yq
mnΓns,´pyqΓ
m
s,`pxq, (26)
where
Ωepx, yq “
1a
1´ x2y2
, Ωopx, yq “
a
1´ x2y2
p1´ xyq
so that
Ωepx, yqΩopx, yq “ Ωpx, yq “
1
1´ xy
.
We also have the easier relation
qdΓs,˘pxq “ Γs,˘pxq
¯1qqd. (27)
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3.2 The principal vertex operator construction
Now let gˆ denote the affine Lie algebra sˆl2C, whose underlying vector space
is given by
gˆ “ sˆl2C “ sl2pCrt, t
´1sq ` Cd1 ` CK.
Let
e “
ˆ
0 1
0 0
˙
, h “
ˆ
1 0
0 ´1
˙
, f “
ˆ
0 0
1 0
˙
denote the standard generators of sl2C. For each i P Z and a P sl2C, let
apxq “
ÿ
kPZ
a´kx
k P gˆrrx˘1ss, ak “ a ¨ t
´k P gˆ
The commutators are given by
ram, bns “ ra, bsm`n `mδm,´nK,
rd1, aks “ kak´1, rK, gˆs “ 0. (28)
There is an action of gˆ on Λ which is induced from the action
sl2
`
Crt, t´1s
˘
ü C
2rt, t´1s – C ¨ Z
where the isomorphism is defined by
ptk, 0q ÞÑ v2k, p0, t
kq ÞÑ v2k´1.
Explicitly, we have
ei ÞÑ
ÿ
k
E2k,´1`2i`2k, hi ÞÑ
ÿ
k
E2k,2i`2k ´ E´1`2k,´1`2i`2k,
fi ÞÑ
ÿ
k
E´1`2k,2i`2k, 2d
1 `
1
2
h0 ÞÑ d, K ÞÑ 1, (29)
where it is understood the the elementary matrices Eij act via the projective
representation ρ. This representation is not irreducible, but the span of gˆ
applied to vH is isomorphic to the basic representation Λ0.
The principal vertex operator construction gives an additional description
of the action (29), which explicitly identifies it as the space Λo Ă Λ defined
above. It is described by
2d1 ÞÑ d´ A0{2, K ÞÑ 1,
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hi ÞÑ A2i, 2ei ÞÑ α2i´1 ´ A2i´1, 2fi ÞÑ α2i`1 ` A2i`1 (30)
where
2Apxq “ 2
ÿ
i
A´ix
i “ Γp2qo pxq ´ 1.
3.3 The Segal-Sugawara construction
We now recall some facts about the Segal-Sugawara construction, for which
we refer to [5]. Let V be a representation of an affine Lie algebra gˆ with
central charge c. The Segal-Sugawara construction produces operators Ln in
terms of the generators of gˆ such that
1. The vector space V becomes a representation of the Virasoro algebra
with central charge
c1 “
c dim g
c ` h_
,
where h_ is the dual Coxeter number. In particular, if g “ sl2 and
V “ Λ0, we would have c “ 1, h
_ “ 2, dim g “ 3, so that c1 “ 1.
2. The Virasoro algebra interwines the action of gˆ in the desired manner,
coming from the action of automorphism of the circle on MappS1, gq
by precomposition, i.e.
rLm, apxqs “ x
1`mBxapxq a P g.
Furthermore, L0 coincides with the differential d
1.
In the case g “ sl2C, the construction has the form
Lk “
1
12
ÿ
iPZ
: 2eifk´i ` 2fiek´i ` hihk´i : (31)
where the “normal ordering” symbol means
: aibj :“
#
aibj if i ď 0
bjai otherwise.
Combining this formula with (29), we arrive at an action of the Virasoro
algebra with central charge 1 on Λ which preserves Λo. In fact, there is a
family of actions of Vir parametrized by a number s given by
Lk,s “ Lk ` shk ` s
2δk,0. (32)
16
It is straightforward to verify that these also satisfy (14). For integer values
of s these are the translates of the original action by the translation subgroup
of the affine Weyl group of sˆl2.
We have a decomposition of Λo as a representation over Lk,s for any s as
follows. By the Kac¸ character formula, we have that
TrΛo y
h0qd
1
“
ÿ
kPZ
y2kqk
2
pq; qq´18 , px; qq8 “
ź
iě0
p1´ xqiq. (33)
Since the Virasoro action commutes with h0, we find that Λo decomposes as
Λo –
à
k
Vk
where Vk is the eigenspace of h0 with eigenvalue 2k, and contains a unique
up to scalar lowest eigenvector vk of d
1 with eigenvalue k2, given by vk “ vµ
where
µ “
#
r2k, 2k ´ 1, ..., 1s k ě 0
r´2k ´ 1,´2k ´ 2, ..., 1s k ă 0
(34)
We find that
L0,svk “ pd
1 ` sh0 ` s
2qvk “ pk ` sq
2vk,
giving rise to a map
Mpk`sq2 Ñ Vk. (35)
Furthermore, if s is in the range where Mpk`sq2 is irreducible, then this map
is injective. Using (33), we find that
TrMpk`sq2 q
L0,s “ TrVk q
L0,s “ qpk`sq
2
pq; qq´18
so the map is also an isomorphism in that range.
The following proposition will be used to prove our main theorem:
Proposition 1. We have that
rLk,1{4,Γ
p2mq
o px
1{2qs “
`
m2kxk ` xk`1Bx
˘
Γp2mqo px
1{2q (36)
Proof. We begin with the case m “ 1. In this case, using (30), we have that
Γp2qo px
1{2q “ ´2x1{2epxq ` 2hpxq ` 2x´1{2fpxq ` 1 “
xh0{4apxqx´h0{4 ` 1, a “ ´2f ` 2h` 2f.
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Then we have
rLk,1{4,Γ
p2q
o px
1{2qs “ rLk ` hk{4` 1{16, x
h0{4apxqx´h0{4 ` 1s “
xh0{4
`
kxk ` xk`1Bx
˘
apxqx´h0{4`
1{4 ¨
`
xkxh0{4rh, aspxqx´h0{4 ` 4kxk
˘
“
kxkxh0{4apxqx´h0{4 ` xk`1Bx
`
xh0{4apxqx´h0{4
˘
` kxk “`
kxk ` xk`1Bx
˘
Γp2qo px
1{2q.
We now suppose now that (36) holds for some m,n, and prove that it
holds for m` n. Using (26), we find that
Γp2pm`nqqo px
1{2q “ lim
yÑx
Γ2m´,opx
1{2qΓ2n´,opy
1{2qΓ´2m`,o px
´1{2qΓ´2n`,o py
´1{2q “
lim
yÑx
Apx, yqΓp2mqo px
1{2qΓp2nqo py
1{2q, Apx, yq “ Ωopx
´1{2, y1{2q4mn
We then have
rLk,1{4,Γ
p2m`2nq
o px
1{2qs “
lim
yÑx
Apx, yqpkm2xk ` kn2yk ` xk`1Bx ` y
k`1Byq
Γp2mqo px
1{2qΓp2nqo py
1{2q “
lim
yÑx
Apx, yqpkm2xk ` kn2yk ` xk`1Bx ` y
k`1Byq
Apx, yq´1Γ2m´,opx
1{2qΓ2n´,opy
1{2qΓ´2m`,o px
´1{2qΓ´2n`,o py
´1{2q “
pkpm2 ` n2qxk ` xk`1BxqΓ
p2m`2nq
o px
1{2q`ˆ
lim
yÑx
Apx, yqpxk`1Bx ` y
k`1ByqApx, yq
´1
˙
Γp2m`2nqo px
1{2q.
The limit in parentheses in the last line can be seen to equal 2kmnxk, which
combines with the first expression to establish (36).
18
4 Application to AGT
4.1 Nekrasov functions for t1 ` t2 “ 0
We now explain how the infinite wedge representation was applied to Nekrasov
functions in [25].
First, we restrict our torus action by specializing
z1 “ z, z2 “ z
´1, t1 “ t, t2 “ ´t, z “ e
t (37)
Now substitute (37) into (7) to get
Eµ,νpz,w, vq “ Eµ,νpz, z
´1,w, vq “
rÿ
i,j“1
w´1i vjEµ,νpzq,
Eµ,νpzq “ χH,Hpzq ´ χµ,νpzq, χµ,νpzq “ fµpz
´1qfνpzq (38)
where fµpzq P Cpzq is the rational function whose Laurent series about infin-
ity is given by
fµpzq “
ÿ
iě1
zµi´i`1 “
ℓpµqÿ
i“1
zµi´i`1 `
z´ℓpµq´1
p1´ z´1q
.
Notice that the expression in (38) must be a polynomial, implying some
cancellation.
For the rest of the paper we will assume without any additional loss of
information that t “ 1 and write
Zpa˜, m˜, q˜q “ Zp1,´1, a˜, m˜, q˜q,
Z 1pm˜, q˜q “ Z 1p1,´1, m˜, q˜q, Bph˜, k˜q “ Bp1, h˜, k˜q.
Set
wµ,νpa, b, mq “ em pEµ,νpzqq , wµ,νpmq “ em pEµ,νpzqq (39)
By the symmetry z Ø z´1, there is a polynomial wµpaq such that
wµpaq :“ wµ,µpa,a, 0q “ p´1q
r|µ|wµpaq
2 (40)
If r “ 1, the wµ is simply the product of the hook lengths of µ.
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For instance, we would have
fr2,1spzq “ z
2 ` 1`
z´2
1´ z´1
, fr1,1spzq “ z ` 1`
z´2
1´ z´1
.
This would give
Er1,1s,r2,1spzq “
1
p1´ zqp1 ´ z´1q
´ fr1,1spz
´1qfr2,1spzq “
z3 ` z ` 1` z´1 ` z´2,
which agrees with (8) under the specialization (37). We then have
wr1,1s,r2,1spmq “ pm` 3qpm` 1qmpm´ 1qpm´ 2q. (41)
Now let Hr denote the complex vector space with basis vectors given
by uµ, where µ is an r-tuple of partitions, and let H “ H
1. We define an
operator
W
pmq
a,b pxq P EndpH
rqrrx˘1ss,´
W
pmq
b,a pxquµ, uν
¯
“ p´1qr|µ|x|ν|´|µ|
wµ,νpa, b, mq
wµpaqwνpbq
. (42)
If r “ 1 we will simply write W pmqpxq. We then have
Zpa˜, m˜, q˜q “ TrHr q
dW pmN qa1,aN pxN q ¨ ¨ ¨W
pm2q
a3,a2
px2qW
pm1q
a2,a1
px1q (43)
where the xi are related to the qi by (18).
Consider the following isomorphism:
ι : H Ñ Λ, uµ ÞÑ vµ
The following result was proved in [25], and was extended to the general
action (3) (and in fact, to a general smooth quasiprojective surface) by Ok-
ounkov and the author in [10]. A further extension of this theorem to K-
theory may be found in [9]. The author has also described a very short proof
for the more general K-theoretic version, but for the specialized action (37)
in [8].
Proposition 2. We have that
ιW pmqpxqι´1 “ Γpmqpxq. (44)
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For instance, dropping the power of x, we find that
pΓpmqvr1,1s, vr2,1sq “ pΓ
´m
` vr1,1s,Γ
m
`vr2,1sq.
Next, we get
Γ´m` vr1,1s “ Γ
´m
` v1 ^ Γ
´m
` v0 ^ Γ
´m
` v´2 ^ ¨ ¨ ¨ “ˆ
v1 ´mv0 `
mpm´ 1q
2
v´1 ` ¨ ¨ ¨
˙
^
pv0 ´mv´1 ` ¨ ¨ ¨ q ^ pv´2 ` ¨ ¨ ¨ q ^ ¨ ¨ ¨ “
vr1,1s ´mvr1s `
m2 `m
2
vH,
and
Γm`vr2,1s “ Γ
m
`v2 ^ Γ
m
`v0 ^ Γ
m
`v´2 ^ ¨ ¨ ¨ “ˆ
v2 `mv1 `
mpm` 1q
2
v0 `
mpm` 1qpm` 2q
6
v´1 ` ¨ ¨ ¨
˙
^
pv0 `mv´1 ` ¨ ¨ ¨ q ^ pv´2 ` ¨ ¨ ¨ q ^ ¨ ¨ ¨ “
vr2,1s `mvr2s `mvr1,1s `m
2vr1s `
m3 ´m
3
vH.
Taking the inner product of the two yields
mpm´ 1qpm´ 2qpm` 3qpm` 1q
6
which agrees with (41), (42), and (44).
We now explain how to apply proposition 2 to higher rank, which was
used by Okounkov and Nekrasov to compute the dual partition function in
[25]. Consider the function
Br : P
r ˆ Zr Ñ Pˆ Z
which associates to an r-tuple a blended partition
pµ,kq “ pµp1q, ..., µprq; k1, ..., krq ÞÑ pµ, kq,
where µ, k are the uniquely determined by the property that
tµi ´ i` 1` kuiě1 “
rď
j“1
!
r
´
µ
pjq
i ´ i` 1` kj
¯
´ j ` 1
)
iě1
(45)
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and k “ |k| “ k1 ` ¨ ¨ ¨ ` kr. The norms are related by
|µ| “ r|µ| ` dk, dk “
r ´ 1
2
ÿ
i
k2i `
r ` 1´ 2i
2
ki ´
ÿ
iăj
kikj . (46)
It is straightforward to see that this map is bijective. If we have |k| “ 0 then
we obtain another isomorphism
βk : H
r Ñ H, uµ ÞÑ uµ, Brpµ,kq “ pµ, 0q
Proposition 3. We have
β´1l W
prmqpxqβk “ ck,l,mx
dl´dkW
pmq
l´i{r,k´i{rpx
rq (47)
where i “ p1, 2, ..., rq, and ck,l,m is a constant.
Proof. If
pµ, 0q “ Brpµ,kq, pν, 0q “ Brpµ, lq,
then we have
fµpzq “
rÿ
j“1
zkj´j`1fµpjqpz
rq,
and therefore
Eµ,νpzq ´ Eµ0,ν0pzq “ Eµ,νpz
r, zrk´i, zrl´iq
where
pµ0, 0q “ BrpH,kq, pν
0, 0q “ BrpH, lq
are the blended r-tuples of empty partitions.
It follows that
wµ,νprmq „ erm
`
Eµ,νpz
r, zrk´i, zrl´iq
˘
“
r2rp|µ|`|ν|qwµ,νpk ´ i{r, l ´ i{r,mq
where „ means the left side is a multiple of the right side by a constant that
does not depend on µ,ν. This also implies that
wµprmq „ r
2r|µ|wµpk ´ i{r, l ´ i{r,mq
Inserting both of these and (46) into (42) yields the result up to the sign,
which is straightforward to determine.
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4.2 The main theorem
We may now state our main theorem.
Theorem 1. Let k “ pk,´kq, l “ pl,´lq, and consider the composition
γk : H
2 βkÝÑ H
ι
ÝÑ Λ
γ
ÝÑ Λe b Λo.
Then
a) The map γk is injective, and its image is ΛebVk. We may therefore write
γk : H
2 Ñ Λe b Vk
and refer to its inverse γ´1k .
b) We have that
γlW
pmq
l´i{2,k´i{2pxqγ
´1
k “ Γ
p2mq
e px
1{2q b V m
2
pl`1{4q2,pk`1{4q2pxq, (48)
where V hk2,k1pxq is the Liouville vertex operator defined above using the
map (35) with s “ 1{4, which is an isomorphism for this value.
Proof. First, it is easy to see that the image of γk is the eigenspace of h0
with eigenvalue 2k, from which part a follows.
By propositions 2 and 3, we have
γlW
pmq
l´i{2,k´i{2pxqγ
´1
k “ Γ
p2mq
e px
1{2q b xdk{2´dl{2Γp2mqo px
1{2q (49)
Now we have
dl{2´ dk{2 “ pl ` 1{4q
2 ´ pk ` 1{4q2,
so we must show that
x´m
2
Γp2mqo px
1{2q
satisfies (16). But this follows from proposition 1. To determine that the
vaccuum expectation is one on both sides of (49), it is enough to check
values on the lowest weight vectors, and notice that the partition in (34) is
precisely the blended partition
pµ, 0q “ BpH,H; k,´kq.
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We now have
Corollary 1. The AGT relations hold for t1 ` t2 “ 0.
Proof. For an N -tuple of integers k˜, let
ki “ pki,´kiq, ai “ ki ` 1{4, ai “ pai,´aiq
so that
W pmqai,ajpxq “ W
pmq
ki´i{2,kj´i{2
pxq,
by subtracting the constant 3/4 from both the entries of ai,aj. It suffices
to prove the claim for these values because the coefficients of qi are rational
functions, which are determined by their values at these points.
Now apply part b of the theorem to (43) to get
Zpa˜, m˜, q˜q “ Tr qdW
pmN q
k1´i{2,kN´i{2
pxN q ¨ ¨ ¨W
pm1q
k2´i{2,k1´i{2
px1q “´
TrΛe q
d{2Γp2mN qe px
1{2
N q ¨ ¨ ¨Γ
p2m1q
e px
1{2
1
q
¯
ˆ´
Tr qdV
m2N
pk1`1{4q2,pkN`1{4q2
pxN q ¨ ¨ ¨V
m2
1
pk2`1{4q2,pk1`1{4q2
px1q
¯
.
The second factor is by definition Bpk˜, h˜, q˜q under the change of variables in
(19), so it remains to show that the first factor equals Z 1pm˜, q˜q. This can be
calculated using the commutation relations (26) and (27). We will verify it
for N “ 1, leaving the general case as an exercise:
TrΛe q
d{2Γp2mqe px
1{2q “ Tr qd{2Γ2m´,epx
1{2qΓ´2m`,e px
´1{2q “
TrΓ2m´,eppxqq
1{2qqd{2Γ´2m`,e px
´1{2q “
Tr qd{2Γ´2m`,e px
´1{2qΓ2m´,eppxqq
1{2q “
p1´ qq2m
2
Tr qd{2Γ2m´,eppxqq
1{2qΓ´2m`,e px
´1{2q “
¨ ¨ ¨
pq; qq2m
2
8 Tr q
d{2Γ`,epx
´1{2q
Since Γ` is unitriangular with respect to the degree grading, we get
pq; qq2m
2
8 TrΛe q
d{2 “ pq; qq2m
2´1
8 “ Z
1pm, qq.
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